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The conventional derivation of neutrino oscillation treats neutrinos as plane wave with an overall
evolution phase. Nevertheless, due to the intrinsic parity violation nature of weak interactions,
only the left-handed neutrino can be produced as the initial condition of neutrino oscillation. On
the other hand, the neutrino mass term connects the left chiral component to the right one and
unavoidably leads to regeneration of the right chiral component during oscillation. This chiral
oscillation has significant consequences on the detection of the cosmological relic neutrinos. While
the Dirac neutrino event rate is reduced by a factor of 2, the Majorana one remains the same as the
conventional prediction, enhancing the Dirac vs Majorana difference to a factor of 4. This provides
a possible way of testing the neutrino chiral oscillation.
Introduction – The neutrino oscillation [1–3] was es-
tablished by the atmospheric [4] and solar [5, 6] neutrino
experiments. It indicates that the active neutrinos are
massive, rather than massless particles as assumed in the
Standard Model (SM) of particle physics [7]. This is the
first new physics beyond the SM.
Although neutrino is a fermion that is described by
a spinor [8], the conventional derivation [9] simply takes
each neutrino mass eigenstate νi as a plane wave, νi(x) =
e−ip·xνi, where p and x are the 4-momentum and coordi-
nates, to describe the neutrino oscillation, completely ne-
glecting the chiral nature of neutrinos. In this formalism,
the neutrino oscillation happens among different flavors.
Nevertheless, this approach is far from being enough.
The oscillation effect is intimately related to the tiny
neutrino masses. To make the effect of the tiny mass dif-
ferences explicit, the neutrino propagation and oscillation
should happen over large enough distance. Although we
infer nonzero neutrino masses from neutrino oscillations,
it is difficult to make the chiral properties of neutrinos
manifest due to the smallness of neutrino masses. Neu-
trinos can be effectively described by the two-component
theory [10]. Practically, the tiny neutrino masses also
make it very difficult to distinguish Dirac and Majorana
neutrinos [11].
The incorporation of the spinor nature of neutrinos in
the oscillation leads naturally to what is called the chiral
oscillation [12–15] and also gives rise to the interesting
phenomena of neutrino-antineutrino oscillation for Ma-
jorana fields [1, 16–20]. On top of that, another type
of phenomena can appear in the relativistic theory of
fermion propagators, such as helicity flip and the cou-
pling with magnetic fields [21, 22].
To make the spinor nature of neutrino oscillation ex-
plicit, we need low energy neutrino flux. The cosmolog-
ical relic neutrinos from the early Universe is a perfect
test ground for this purpose. Their energy is typically
of the order of meV as predicted by the Cosmological
Standard Model [23]. In this paper, we evaluate the phe-
nomenological consequences of spinor oscillation on the
cosmic neutrino background (CνB) for both Dirac and
Majorana types.
Chiral Oscillation – Two things need to be incorpo-
rated into the description of neutrino oscillation. First,
the neutrino interactions in the SM violate parity [24].
In both the neutral and charged interactions, only left-
handed neutrino appears while the right-handed one is
completely absent. It is then not reasonable to take neu-
trino as a whole particle by treating its left- and right-
handed chiral components equally. Instead, only the left-
handed neutrino can be created at the production point.
During the propagation, the left-handed neutrino os-
cillates to its right-handed counterpart due to the con-
nection established by the mass term. A derivation with
operator projections can be found in [13–15]. Here we
provide a more intuitive derivation. For a neutrino with
fixed momentum
ν(t,x) = ν(t)eip·x =
ϕ(t)
χ(t)
 eip·x , (1)
we parametrize the time dependence as ϕ(t) and χ(t).
The Dirac equation written explicitly in terms of chiral
components looks like, m −i∂t + σ · p−i∂t − σ · p m
ϕ(t)
χ(t)
 = 0 . (2)
Without mass, the left- and right-handed chiral compo-
nents disentangles from each other. In other words, the
mass makes it possible to express χ(t) in terms of ϕ(x),
χ(t) =
1
m
[i∂t + p · σ]ϕ. (3)
The solution can be generally parametrized as
ϕ(t) = C1 cos(Et) + C2i sin(Et), (4)
where E is the neutrino energy and C1 and C2 denote two
spinors. Substituting ϕ(t) into Eq. (3), the corresponding
χ(t) can be obtained,
χ(t) =
1
m
[(p · σC1 − C2E) cos(Et)
+i (−EC1 + p · σC2) sin(Et)] . (5)
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2Until now, everything is general. The initial condition
requires χ(t = 0) = 0, correlating the two spinors, EC2 =
p · σC1. A similar calculation can be performed for a
right-handed initial chirality.
The oscillating neutrino then becomes
ν(t) =
[
cos(Et)− i
E
(2cp · S +mγ0) sin(Et)
]
νc, (6)
where c = ∓ for left- and right-handed chiral components
νc = νL,R, respectively, for generality. As we can see,
switching the chirality in Eq. (2) changes the sign in front
of the momentum.
The spin operator is defined as, S ≡ 12diag{σ,σ}.
Consequently, 2p · Sνh = |p|hνh extracts the helicity
eigenvalue and γ0 does not change spinor helicity. Al-
though the neutrino spinor oscillates among different chi-
ralities, its helicity is conserved. A more explicit form is
ν(t) =
{[
cE − ich |p|
E
sE
]
− m
E
sEγ0
}
νc, (7)
where we have defined [cE , sE ] ≡ [cos(Et), sin(Et)] for
simplicity. The first term of Eq. (7) conserves chiral-
ity while the second changes it. In the massless limit,
m  E, the evolution reduces to just an chirality-
conserving overall phase, ν(t) = e−ichEtνL. On the other
hand, the non-relativistic limit gives a maximal oscilla-
tion between the left- and right-handed chiral compo-
nents, ν(t) = cEνL − sEνR, where νR ≡ γ0νL. Note
that this oscillation happens even with only one flavor of
neutrino,
PνL→νL = |cL|2 = cos2(Et) +
|p |2
E2
sin2(Et), (8a)
PνL→νR = |cR|2 =
m2
E2
sin2(Et). (8b)
In the SM, this Majorana spinor can be composed as,
νM = νL+CνLT . The Dirac equation of Majorana fields,
i/∂νL = mCνLT [8] and equivalently i/∂CνLT = mνL can
group into the same form as Eq. (2). The oscillation for-
mula Eq. (6) apply for both Dirac and Majorana neutri-
nos. With these taken into consideration, the Majorana
condition, νc(t) = ν(t), holds at an arbitrary time. This
is exactly the source of neutrino-antineutrino oscillation
[25].
Chiral Evolution of Cosmic Neutrinos – Since the chi-
ral oscillation is induced by the nonzero mass, its effect is
most significant at the nonrelatistic limit. However, the
neutrino masses are very tiny, being at the sub-eV scale.
It is very difficult to find low-energy neutrino fluxes to
test partiy violation with the chiral oscillation.
Fortunately, the cosmic relic neutrinos created at the
early stage of the expanding universe have cooled down
to low enough energy and hence can serve as a perfect
place for testing the chiral oscillation.
By analogy with [26], the evolution of the neutrino
states can be described by the Boltzmann equation
L(ρ) ≡ (∂t −Hp · ∇p) ρ = −i [H, ρ] , (9)
where H is the Hubble constant and H is the Hamilto-
nian,
H = p · (γ0γ) +mγ0 =
h|p| m
m −h|p|
 , (10)
in the chiral basis. The left land side of the Boltzmann
equation is the Liouville operator L which incorporates
the Hubble expansion. On the other hand, the right hand
side is not from the collision that a Boltzmann equation
usually describes but from the self evolution of chiral os-
cillation. With chiral decomposition, the density matrix
also becomes a 2× 2 matrix,
ρ ≡
ρLL ρLR
ρ∗LR ρRR
 , (11)
where ρLL and ρRR stand for the relative chances of the
left- and right-chiral components, respectively.
To make it more explicit, we may regroup the density
matrix elements, ρ± ≡ ρLL±ρRR, ρR ≡ R(ρLR) and ρI ≡
I(ρLR). The total probability ρ+ is conserved, L[ρ+] = 0,
since its contribution to the ρ matrix commutes with the
Hamiltonian. The remaining ρ−, ρR, and ρI are related
to each other.
Since the Hubble constant is typically smaller than the
neutrino mass, the solution can be obtained by series
expansion of  ≡ H/m. The leading order result looks
like,
ρ− = 1− 2m
2
E2
sin2(Et), (12a)
ρR + iρI =
hm|p |
E2
sin2(Et) + i
m
E
sin(2Et). (12b)
The next order expansion solution is . 1% in the limit
|p0|  m.
For typical O(0.001 ∼ 0.01) eV neutrinos, the chiral
oscillation is fast enough, in comparison to the big time
difference between neutrino decoupling to now, t0− td ∼
6× 1038MeV−1. The averaged result becomes,
〈ρ−〉 = 1− m
2
E2
, 〈ρR〉 = hm|p|
E2
, 〈ρI〉 = 0 . (13)
For neutrinos today with very small redshift, its momen-
tum is much smaller than its mass (|p0|  m) or equiv-
alently E ≈ m, leading to ρ− = 0. Hence, the relic
neutrinos today have equal contributions from the left-
and right-handed components, ρLL = ρRR = 1/2, even
though they started from only left-handed component.
Since ρI averages out, we only need to consider 〈ρ−〉 and
〈ρR〉 in the following discussions.
The results are shown in Fig. 1 as a function of the red-
shift z or CMB temperature Tγ for m = 10
−2 eV (solid
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FIG. 1. Evolution of the chiral density matrix elements 〈ρ−〉 (blue) or 1 − 〈ρ−〉 (red), and ρR = R[cLc∗R] (green) as functions
of the redshift z for m = 10−2 eV (solid) and m = 10−3 eV (dashed) with |pd| = 1 MeV. The redshift at neutrino decoupling is
taken to be zd ∼ 6× 109.
line) and m = 10−3 eV (dashed line) and |pd| = 1 MeV,
corresponding to |p0| ∼ 1.66× 10−4 eV. Due to the Uni-
verse expansion, the particle momentum gets redshifted
as |p(z)| = (1 + z)|p0|. The neutrino decoupling hap-
pened at redshift zd ∼ 6 × 109. The current redshift is
z0 = 0 and temperature around 2.75 K ∼ 2.4× 10−4 eV.
The solutions Eq. (12) are actually functions of the red-
shift z. The behavior of the curves 〈ρ−〉, 〈ρR〉 can be
understood analytically,
1−〈ρ−〉 = ρˆ
2
0
(1 + z)2 + ρˆ20
, 〈ρR〉 = ρˆ0(1 + z)
(1 + z)2 + ρˆ20
, (14)
where ρˆ0 ≡ m/|p0| ∼ 6×104
(
m
eV
)
. Notice that 〈ρR〉 has a
maximum at zpeak ≡ ρˆ−1, where 〈ρR〉 = 〈ρ−〉 = 1/2 that
also appears as a crossing point between the 1−〈ρ−〉 and
〈ρR〉 curves. Since the redshift has to be positive, this
can only occur if ρˆ0 ≥ 1 or m ≥ |p0| ∼ 1.66 × 10−4 eV.
For comparison, we show in Fig. 1 a solid line for m =
10−2 eV and a dashed line for m = 10−3 eV. Conse-
quently, there is a shift almost one order of magnitude
in the position of the peak between these two cases. The
solid line peaks at zpeak = 599 while the dashed one at
zpeak = 59.
We may further explore the behaviors at the large red-
shift z  ρˆ0,
1− 〈ρ−〉 ≈ ρˆ
2
0
z2
=
m2
|p0|2z2 , 〈ρR〉 ≈
ρˆ0
z
=
m
|p0|z . (15)
To make the scaling behaviors more explicit, we show log
scale plots in the right plot of Fig. 1. The slope of the
red 1 − 〈ρ−〉 curves for large z is −2 while the one for
the green 〈ρR〉 curve is −1. Since it is a log-log plot, the
intersection of the curves with the y-axis is determined
by the relative size of m and |p0|. The m2 dependence
induces two orders of magnitude difference between the
two intersections, 1 − 〈ρ−(z = 104)〉 ∼ 3.6 × 10−5 for
m = 10−2 eV and 3.6 × 10−7 for m = 10−3 eV on the
y-axis. On the other hand, the green curve has only one
order of magnitude difference, 〈ρR(z = 104)〉 ∼ 6× 10−3
for m = 10−3 eV and 6 × 10−2 for m = 10−2 eV due to
the linear m dependence.
At small redshift, the curves have the asymptotic value
of
〈ρ−(z → 0)〉 ≈ ρˆ
2
0
(1 + ρˆ20)
≈ 2.8× (10−4, 10−2), (16a)
〈ρR(z → 0)〉 ≈ ρˆ0
(1 + ρˆ20)
≈ 1.7× (10−2, 10−1), (16b)
for m = (10−2, 10−3) eV, respectively. This explains the
flat behavior of the curves in the small z region. For
m = |p0| ∼ 1.66 × 10−4 eV, the asymptotic values are
〈ρR(z → 0)〉 = 1 − 〈ρ−(z → 0)〉 = 1/2. Any value
between [0, 1/2] can be obtained if m < |p0| and the
vanishing value 0 occurs for m→ 0, where no transition
between the left- and right-handed chiral components can
occur.
Detection of Cosmic Neutrinos – The chiral oscillation
has important consequences on the chiral composition
of relic neutrinos. To make a uniform description for
the Dirac and Majorana cases, we denote the four chi-
ral and helicity components of neutrino/antineutrino as
ν±c , with c = L,R representing the chirality and ± the
helicity, respectively. Although all these four states can
in principle be created even with just left-handed cur-
4rent interactions, the right-handed helicity neutrino (ν+L )
and left-handed helicity antineutrino (ν−R ) are highly sup-
pressed by a factor of m2/E2 < 10−12 due to the high
temperature and hence large neutrino momentum at the
decoupling time and therefore can be safely ignored [27].
Nevertheless, these missing states (ν+L and ν
−
R ) will be-
come populated through chiral oscillation as elaborated
above. This can change the event number of cosmic neu-
trino background detection at the PTOLEMY [28] ex-
periment.
At production, neutrinos are in thermal equilibrium
and hence follow the Fermi-Dirac distribution with num-
ber densities n(ν−L ) = n(ν
+
R ) = n(zd) while n(ν
+
L ) =
n(ν−R ) = 0. After decoupling, the number densities are
then fixed and decreases with a3 if we do not take into
account neutrino chiral oscillation. From the neutrino de-
coupling (zd ∼ 6× 109) to the present time (z = 0), the
temperature drops from 1 MeV to 0.168 meV, resulting in
n0 ≡ n(z = 0) = 56 cm−3 [27], and n(ν+L ) = n(ν−R ) = 0
are still zero. The results have been summarized in the
left half of Tab. I.
In the presence of chiral oscillation, the original num-
ber densities n(ν−L ) and n(ν
+
R ) of neutrino and antineu-
trino, respectively, are equally split into left/right chiral
components. To be more specific, the averaged solution
Eq. (13) indicates that the neutrino number density is
redistributed as,
n(ν−L ) = n0
(
1− m
2
2E2
)
, and n(ν−R ) = n0
m2
2E2
. (17)
Similar things happen for the anti-neutrino mode. The
full results are summarized in the right half of Tab. I.
Since the same chiral oscillation properties apply for both
Dirac and Majorana neutrinos, the neutrino number den-
sities in Tab. I also apply universally.
Since relic neutrinos are nonrelativistic, the most fea-
sible way of detecting them is through neutrino capture
on tritium (T ) [28, 29]. The squared matrix element is,
|M|2 = 〈3He e−|Lint|Tν〉〈νT |Lint|3He e−〉. (18)
The quantity |ν〉〈ν| is exactly the density matrix in
Eq. (11). Another way of seeing this quantity is
through the evolved spinor in Eq. (6). In the usual
charged-current interaction, Lint = g√2W−µ `γµPLν =
g√
2
W−µ ν
cγµPR`
c
α, the second part gives an extra detec-
tion possibility only for Majorana neutrinos.
Due to partiy violation, only the left-handed chiral
component of neutrino and the right-handed one of anti-
neutrino appear in the interaction. In addition, charge
conservation of the tritium capture process selects out
electron, only neutrino can be detected in the Dirac
case. For the Majorana case, since neutrino is its own
charge conjugation, there are 4 possible contributions to
the measurement. Therefore, one can write the expected
w/o Chiral Osc. w/ Chiral Osc.
z = zfo z = 0 z = zfo z = 0
n(ν−L ) n0(1 + zfo)
3 n0 n0(1 + zfo)
3 n0
(
1− m2
2E2
)
n(ν−R ) 0 0 0 n0
m2
2E2
n(ν+L ) 0 0 0 n0
m2
2E2
n(ν+R ) n0(1 + zfo)
3 n0 n0(1 + zfo)
3 n0
(
1− m2
2E2
)
TABLE I. The neutrino number densities at neutrino de-
coupling (zd ≈ 6 × 109) and today (z = 0) for all the four
different chirality and helicity components (ν−L , ν
−
R , ν
+
R , and
ν−R ). The number density n0 = 56 cm
−3 is obtained according
to the Fermi-Dirac distribution for the neutrino temperature
Tν ≈ 0.168 meV [27].
number of events as,
NνD = σ¯NT
(
1 +
|p|
E
)
n−L , (19a)
NνM = σ¯NT
[(
1 +
|p|
E
)
n−L +
(
1 +
|p|
E
)
n¯−R
+
(
1− |p|
E
)
n+L +
(
1− |p|
E
)
n¯+R
]
, (19b)
where,
σ¯ = GF |Vud|2 |pe|mpEe
2pimn
(f20 + 3g
2
0) . (20)
and NT is the number of targets in the detector and
f0 ≈ 1, g ≈ 1.269 are nuclear form factors. The factors
1±|p|/E are associated with helicity [27]. The Majorana
components ν−L (ν
+
R ) are the usual neutrino (antineu-
trino) contributions, while ν+L (ν
−
R ) appear due the chiral
oscillation. Without chiral oscillation, n(ν−R ) = n(ν
+
L ) =
0 and n(ν−L ) = n(ν
+
R ) = n0, leading to the ratio between
the Majorana/Dirac event rates as: NνM /NνD ≈ 2. In
the presence of chiral oscillation, ν+L , ν
−
R are also popu-
lated and can result in relevant contributions. In the non-
relativistic limit, |p| → 0, all four components are equally
populated, n(ν−L ) = n(ν
+
R ) = n(ν
+
L ) = n(ν
−
R ) = n0/2.
Since only one of them can be detected for the Dirac
case while all four of them are possible for the Majorana
case, we end up with NνM /NνD ≈ 4, twice of usually
expected. The expected number of Dirac neutrinos is
reduced by half of the standard prediction without oscil-
lation while the Majorana one remains the same.
Conclusions – We explore the phenomenological con-
sequences of parity violation and chirality mixture of the
neutrino mass term on neutrino oscillation for both Dirac
and Majorana neutrino. Even with only one flavor, the
left- and right-handed chiral components can already os-
cillate to and from each other. This has a significant con-
sequence on the detection of the cosmic neutrino back-
ground. Although helicity is conserved in chiral oscil-
lation, the neutrino chirality changes and the neutrino
number density equality splits into the two chiral com-
5ponents. This reduce the event rate of the Dirac neutri-
nos by a factor of 2 while the Majorana one remains the
same. The difference between the Dirac and Majorana
cases reaches a factor of 4 instead of the usual 2, provid-
ing a way for testing the chiral neutrino oscillation.
Notes Added – During the finalization of this paper,
we notice a similar work [30] about the phenomenologi-
cal consequences of chiral oscillation on the cosmological
relic neutrinos.
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